TUTORIAL 1

INTRODUCTION TO TOPOLOGY IN AND VIA LOGIC - 2025

Basic SET THEORY

Exercise 1. The following results are used often in topology: Let X,Y be sets, f: X —Y
a function, S C X, {S;:1 €I} CP(X), TCY and{T;:5€ J} CP(Y). Then

(1) flUier Sil = Uier f15i]-

(2) f[ﬂiez Si] c mie] f[S%]

(5) f_l[UjeJ T = Ujes T

(4) I Mes il = Njes ST

(5) fISINT = f[Sn T
Furthermore, if f[(\;c; Sil = ies f1S3] if f is injective. Prove them.

BAsic TOPOLOGY

Exercise 2. Recall that the Euclidean topology 7g.. on R is defined as follows:
for allU CR, U € Tgye if and only if Vz € Udx,y € U(z € (z,y) C U).
Verify that (R, Tgu.) s a topological space.

Exercise 3. Recall that the Cantor set is defined to be the set 2¥ of all binary sequences
of length w. Let 2<% denote the set of all finite binary sequences. For all s € 2<¥ and
t € 2¥U2%%, we write s <4t if tldom(s) = s. Intuitively, s <t means that s is an initial
subsequence of t. For each s € 2<%, we define the set C(s) by

C(s)={te2¥:sat}.
Let B ={C(s) : s € 2<“}. Verify that there is a unique topology Tcan on the Cantor set for

which B is a basis.
The topological space (2¥, Tcan) is called the Cantor space.

CLOSURE, INTERIOR AND NEIGHBOURHOODS

Definition 1. Let (X, 7) be a topological space. We say that a set U € P(X) is closed if its
complement is open, i.e., if (X \U) € 7.
Exercise 4. Let (X, 1) be a topological space and S C X. Show that the following hold:
(1) There exists an open set int(S) such that (i) int(S) C S; and (ii) for all open set U,
U C S implies U C int(95).

(2) There exists an closed set cl(S) such that (i) S C cl(S); and (ii) for all closed set U,
S C U implies cl(S) C U.
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Definition 2. The sets int(S) and cl(S) in Ezercise 4 are called the interior and the closure
of S, respectively. Moreover, we see that a set S is closed if S = cl(S), and open if S =
int(S). The operators

int : P(X) = P(X),S — int(S)
and
c:P(X)—=P(X),S— clS)
are called the topological interior and topological closure, respectively.

Exercise 5. Let (X, T) be a topological space and A, B C X. Prove the following statements:
(1) A C cl(A) and int(A) C A.
(2) cl(cl(A)) = cl(A) and int(int(A)) = int(A).
(8) cl(A) = X \ (int(X \ A)) and int(A) = X \ (cl(X \ A)).
(4) cl(A)Ucl(B) = cl(AU B) and int(A) Nint(B) = int(AN B).
(5) If A C B, then cl(A) C cl(B) and int(A) C int(B).
Is cl(A)Nel(B) = c(AN B) orint(A) Uint(B) = int(A

answer.

U B) true in general? Prove your

Definition 3. Given a topological space (X, T) and a point x € X, we say that V € P(X)
is a neighbourhood of x if there is an open set U such that x € U C V.

Moreover, observe that if a neighbourhood V' of a point x is open, the definition simplifies:
V is an open neighbourhood of a point x if and only if x € V and V is open.'

Let N(x) denote the set of all open neighbourhoods of x, i.e., N(x) ={U € 7 : x € U}.

Exercise 6. Suppose (X,7) is a topological space and S C X. Then for all x € X, the
following are equivalent:

e z is in the closure of S, i.e., x € cl(9).
o All open neighbourhoods U of x have non-empty intersection with S, i.e.,

YU € N(z)(UNS # o).
There is a proof of this proposition in the note, but try to prove it yourself first : )

TOPOLOGICAL SEMANTICS OF MoDAL LocIc

McKinsey and Tarski [1] proposed interpretations of the unary modal operator < as the
closure operator ¢l and the derived set operator d of a topological space. These interpreta-
tions give the topological C-semantics and d-semantics for modal logic.

In this section, we take a closer look at the topological C-semantics of modal logic.

Definition 4. A topological model is a triple M = (X, 1,v) where (X, 7) is a topological
space and v : Var — P(X) a function called a valuation for X.
A wvaluation v 1s extended to the set F'm of all modal formulas by the following rules:

v(L) =3, v(e =) = (X \v(p) Ur(¥) and v(C¢) = c(v(p)).
A formula ¢ is true at x in M, notation M,z |= ¢, if © € v(p). Note that by definition
of the operator cl : P(X) — P(X), the following statements hold:

In the literature, you will sometimes find that a neighbourhood is already required to be open. We do
not adopt that convention, but simply speak of ‘open neighbourhoods’ when needed.
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(a) M,z =0 if and only if there is U € N(x) such that M,y = ¢ for ally € U;
(b) M,z = O if and only if for allU € N(x), there is y € U such that M,y = ¢.
Exercise 7. Show that (a) and (b) in Definition 4 hold.

Exercise 8. Consider the following topological model, where p is true in the blue area and
its border line, and q is true in the yellow area and its border line.

X

(1) Draw the region defined by the modal formula <p VvV Ogq.
(2) Find modal formulas that define the set {x,y}.

Recall that modal logic S4 is defined to be K& {OOp — Op,p — Op}.

Exercise 9. Prove that every theorem of S4 is valid. That is, given any ¢ € S4, M, x |= ¢
for all topological model M = (X, 7,v) and v € X .

In fact, the converse of Exercise 9 also holds. Thus we have
Theorem 5. S4 is the modal logic of all topological spaces.
Exercise 10. Let (X, 7) be a topological space and A C X. We say that A is reqular open
if int(cl(A)) = A. Prove the following statements:

(1) if A is open, then A C int(cl(A)).
(2) int(cl(A)) is regular open.

MORE ON TOPOLOGICAL SEMANTICS: D-SEMANTICS

There are more than one semantics of modal logic based on topological spaces. The one we
have seen in class is also called C-semantics. We now introduce the d-semantics as follows:

Definition 6. Let X = (X, 1) be a topological space and x € X. A subset Y C X is an
open neighborhood of x if € Y € 7. Let N(z) be the set of all open neighborhoods of x.
For every subset A C X, let d(A) be the derived set of A, i.e.,

d(A) = {z € X : VU € N(2)(U N (A\ {z}) £ 2)}.

A topological model is a triple M = (X, 1,v) where X = (X, 7) is a topological space and
v : Prop — P(X) is a function which is called a valuation in X. A valuation v is extended
to all modal formulas L as follows:

v(mp) = X\ v(p), v(ip Vi) =v(e) Ur(v) and v(Cp) = d(v(p)).
For each formula ¢, ¢ is d-true at w in M (notation: M,w =4 ¢) if w € v(p). We say
that ¢ is d-valid if M,w =4 ¢ for all topological model M and point w in M.

Exercise 11. Try to understand the d-semantics given above and show:
(1) OOp — Op is not d-valid.
(2) OOp — OpVp is d-valid.
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